This paper provides an insight to the time-varying dynamics of the shape of the distribution of financial return series by proposing an exponential weighted moving average model that jointly estimates volatility, skewness and kurtosis over time using a modified form of the Gram-Charlier density in which skewness and kurtosis appear directly in the functional form of this density. In this setting VaR can be described as a function of the time-varying higher moments by applying the Cornish-Fisher expansion series of the first four moments. An evaluation of the predictive performance of the proposed model in the estimation of 1-day and 10-day VaR forecasts is performed in comparison with the historical simulation, filtered historical simulation and GARCH model. The adequacy of the VaR forecasts is evaluated under the unconditional, independence and conditional likelihood ratio tests as well as Basel II regulatory tests. The results presented have significant implications for risk management, trading and hedging activities as well as in the pricing of equity derivatives.
Introduction
The last few decades have seen a growing number of scholars and market participants being concerned with the precision of typical Value-at-Risk measures. Value-at-Risk is the maximum expected loss to occur for a given horizon and for a given probability. A key challenge in estimating accurate VaR confidence internals arises from the accurate estimation of the conditional distribution of financial return series. So far in the literature, many models have been put forward that capture some of the typical stylized facts of financial time series such as volatility clustering and pooling; that is the tendency of large changes to be followed by large changes -of either sign -and small changes to be followed by small changes (see Mandlebrot, 1963) .
One of the early models employed in capturing volatility is the equally weighted moving average model. This framework assumes that the N-period historic estimate of variance is based on an equally weighted moving average of the N-past one-period squared returns.
However, under this formulation all past squared returns that enter the moving average are equally weighted and this may lead to unrealistic estimates of volatility. In this respect the exponentially weighted moving average (EWMA) framework proposed by J.P Morgan's RiskMetrics TM assigns geometrically declining weights on past observations with the highest weight been attributed to the latest (i.e. more resent) observation. By assigning the highest weight to the latest observations and the least to the oldest the model is able to capture the dynamic features of volatility. Other approaches in this direction are the celebrated ARCH and GARCH model proposed by Engle (1982) and Bollerslev (1986) respectively. The former introduces the Autoregressive Conditional Heteroscedasticity (ARCH), which models the variance of a time series by conditioning it on the square of lagged disturbances and the latter generalizes the ARCH model by considering the lagged variance as an explanatory variable.
Failing to account for the distributional characteristics of the return series will have serious implications in risk management and specifically in the estimation of Value-at-Risk (see Pedrosa and Roll, 1998 , Bond, 2001 , Burns, 2002 , Angelidis et al. 2004 , Wilhelmsson 2009 , Alizadeh and Gabrielsen 2011 , in pricing of derivates (see Heston and Nandi 2000, and Tahani 2006, among others) , in trading and heding activities (see Kostika and Markellos, 2007, Apergis and , in portfolio allocation (see Sun and Yan, 2003 , Harvey et al. 2004 and Jondeau and Rockinger, 2006 .
Although the standard EWMA estimator will be consistent when returns are not-normally distributed, it will be asymptotically inefficient since it places too much weight to extreme returns (see Guermat and Harris, 2002) . Guermat and Harris (2002) propose a general power EWMA model which is based on the Generalized Error Distribution (GED). They apply the model on daily return series of US, UK and Japan portfolios and find that their model is able to capture the fat-tailed nature of most returns series and estimate superior VaR forecasts compared with the standard EWMA formulation. Lin, Changchien and Chen (2006) and Liu, Wu and Lee (2007) apply a dynamic power EWMA that is able to capture the time-varying tail-fatness and volatilities of financial returns. They both apply it on well diversified equity portfolios and find that the model offers substantial improvements on capturing the dynamic distributional return characteristics, and can significantly enhance the estimation accuracy of portfolio VaR. Shyan-Rong, et al. (2010) compare the performance of a variety of models such as EWMA, Power EWMA, Dynamic
Power EWMA, GARCH among others on six daily stock index returns (i.e. S&P500, Dow
Jones Industrial Average, Nasdaq Composite, Taiwan Stock Index, Nikkei 255 and FTSE 100). They find that the dynamic power EWMA out-performs all other specifications in forecasting volatility. Although, the proposed formulations are able to capture the dynamic nature of returns by allowing a shape parameter to vary over time, little has been done to extend the exponential weighted moving average to account for time-varying higher moments.
The aim of this study is to investigate the nature and dynamics of the shape of the distribution of the returns overtime. We propose a formulation that jointly estimates timevarying volatility, skewness and kurtosis in an exponentially weighted moving average framework using the Gram-Charlier series expansion and allows each process to have its own decay factor. The method is based on the use of the Gram-Charlier density in which skewness and kurtosis appear directly in the functional form of the distribution, and for this reason, it is very simple to estimate the different decay factors using the maximum likelihood estimation approach. Furthermore, the forecast of VaR measures is performed with the application of the Cornish-Fisher expansion, which is used to estimate the quantile as a function of the timevarying volatility, skewness and kurtosis at a fixed confidence level.
We propose an evaluation of the predictive performance of the model for VaR forecasts.
We compare against the historical simulation, filtered historical simulation and GARCH This paper is organized as follows section 2 describes a detailed description of the methodology, section 3 presents the data utilized and discusses the estimation results, while section 4 concludes.
Methodology
Given a series of stock market index prices t p and the corresponding rate of return t r is then defined as the continuously compounded return (in percent) The problem with function 14 is that it is not really a density function since, for some parameter values of skewness and kurtosis, it can become negative and thus the integral of ( ) ⋅ f may not be equal to one. In order to obtain a well-defined positive density function, Galland and Tauchen (1989) The estimation of the model parameters is obtained by maximising the likelihood function. This is based on the assumption that the residuals follow a Gram-Charlier density.
The log-likelihood function for one observation can then be written as
In the empirical application, we compare the performance of our model in forecasting VaR against the nominal GARCH(1,1) model proposed by Bollerslev (1986) :
where t r denotes the returns, t ε the error terms and We use Matlab routines to estimate jointly all the parameter values using the BroydenFletcher-Goldfarb-Shanno (BFGS) quasi-Newton optimization algorithm for the numerical maximisation of the log-likelihood functions.
Evaluation of Value-at-Risk Estimates
Forecast evaluation is one of the most important aspects of any forecasting exercise and especially in the evaluation of accurate Value-at-Risk estimates. Value-at-Risk is a measure of the market risk of a portfolio and refers to the particular amount of money that is likely to 4 A proof that the Galland and Tauchen (1989) density is a true density is presented in Appendix A.
be lost due to market fluctuations over a period of time and for given a probability. The VaR at time t at α% significance level is estimated as ( )
where ( )
denotes the empirical quantile of assumed distribution function, n is the forecasted horizon and
is the t+n volatility forecast. Traditional quantitative risk models assume that financial return series are normally distributed. However, empirical evidence has shown that the empirical distribution of returns is often skewed, fat-tailed and peaked around the mean. When these aspects are ignored, the calculation of VaR is seriously compromised (see Pedrosa and Roll, 1998; and Alizadeh and Gabrielsen, 2012) . Therefore, in order to incorporate the dynamics of higher-moments we apply the Cornish-Fisher expansion to approximate the inverse cumulative density function. The Cornish-Fisher expansion can be viewed as an expansion of the Gaussian Normal density function augmented with terms that capture the dynamic nature of skewness and kurtosis and can be formalised as follows
where ( The Historical Simulation is defined as:
where the right hand of the equation defines the a percentile of N past returns. An extension of the historical simulation that assumes that returns are independent and identically distributed is represented by the Filtered Historical Simulation. This is defined as:
where t i z − are the standardized residuals and t σ is the standard deviation of the returns.
The adequacy of the VaR estimates is examined over a back-testing exercise, where actual profits and losses are compared to the corresponding Value-at-Risk forecasts of the various models. Regulators currently employ three techniques to evaluate the adequacy of the VaR models: the binomial, the interval forecast and distribution forecast methods.
The time until first failure test (TUFF) is based on the number of observations before the first exception (see Kupiec, 1995 This expression highlights that as the number of violations increase so does the multiplication factors that determines the market risk capital. For example a model is classified as green when there is more than 99.99% probability that it's estimated 1% VaR violations fall within the theoretical (1%) number of VaR violations.
The models deemed adequate are those that generate a coverage rate less than the nominal, and that are able to pass both the conditional and unconditional coverage tests.
Data Description and Empirical Results
The data comprising the study is daily prices of the S&P 500, NASDAQ, FTSE 100, which means that the distribution has acute peakedness and fatter tails. The largest coefficient of excess kurtosis is reported for the S&P 500 followed by the FTSE 100 index, and highlights that these indices account for larger deviations in their returns. Finally, the JargueBera test reveals significant departures from normality for all series at a 1% significance level for all indices.
In-Sample Analysis
The in-sample period is for S&P 500 from 2 nd January 1992 to 7 The estimated decay factors for the volatility, skewness and kurtosis processes for the EWMA-SK model are presented in Table 2 and are significant for all models. A consistent pattern across the decay factors is observed. That is the decay factor for the volatility process has increased compared with the decay factor employed by RiskMetrics TM and overall is larger than the decay factors for skewness and kurtosis. 
Out-of-Sample Evaluation
The performance of the VaR models is evaluated using a process known as back- Concluding, the back-testing application delivers mixed results in terms of model validation. This outcome is not uncommon in this kind of studies (e.g., see Marcucci, 2009 and Alizadeh and Gabrielsen, 2012) . A possible explanation is that the back-testing period was one of the most turbulent periods; which in turn translates into more erratic higher moment forecasts and hence impacting the VaR estimates of the EWMA-SK model.
However, it is important to note that the EWMA-SK performs on average as well as the GARCH model for both horizon periods, and out-performs the RiskMetrics; compared with the studies Guermat and Harris (2002) and Changchien and Chen (2006) who find that GARCH models out-perform RiskMetrics TM for short and long horizons in forecasting
Value-at-Risk.
Conclusions
The aim of this study was to propose a formulation that jointly estimates time-varying volatility, skewness and kurtosis in an exponentially weighted moving-average framework using the Gram-Charlier series expansion, and allows each process to have its own decay factor. A maximum likelihood estimation approach is used to estimate the decay factor for volatility, skewness and kurtosis. It was observed that the decay factor for the volatility process has increased compared with the decay factor used by RiskMetrics TM for daily return series, and overall is larger compared with the decay factors for skewness and kurtosis.
Furthermore, we observe that, during deteriorating economic conditions, time-varying skewness exhibits negative spikes (i.e. bias towards down-size bias), while time-varying kurtosis displays positive spikes. This suggests that higher moments are able to identify and capture the dynamic characteristics of the various return series (see also Apergis and Gabrielsen, 2012, and Alizaden and Gabrielsen, 2012) . 1992 , 02/01/1992 , 17/01/1991 , 07/02/1992 and 11/02/1991 to 30/06/2011 respectively. The Jarque-Bera (1980 test, tests for departure from normality and is chi-square asymptotic with two degrees-of-freedom, the 5% and 1% statistics are 5.99 and 9.21 respectively. It's statistic is defined in terms of the number of observations, n, sample skewness s, and sample kurtosis, k and it is described as: The table presents the estimation results for the parameters of the as well in parentheses are the t-statistics for the EWMA-SK model. The estimation is performed by the method of quasi maximum likelihood using the BFGS algorithm in Matlab 7.12 software package The sample period for S&P 500 is from 2 nd January 1992 to 7 For kurtosis it can be shown: 
